
Projectile Motion

Basic Equations: Horizontal Force FH = mẍ = 0 , Vertical Force FV = mÿ = −mg . So ẍ = 0 , ÿ = −g .

Let U = v0 and θ be the angle of its inclination, then ẋ = U cos θ , ẏ = U sin θ .

∴ x = Ut cos θ , y = Ut sin θ − 1
2

gt2

Cartesian: t =
x

U cos θ
, y = U sin θ · x

U cos θ
− 1

2
g · x2

U2 cos2 θ
, y = tan θ · x− gx2

2U2 cos2 θ

Maximum Reach: When the object hits the ground, y = tan θ · x− gx2

2U2 cos2 θ
= 0

x =
U2

g
· 2 cos2 θ · tan θ =

U2

g
· 2 sin θ cos θ =

U2

g
· sin 2θ

When θ =
π

4
, sin 2θ = 1 and x is at its maximum: xmax =

U2

g
, when θ =

π

4

Maximum Height: ẏ = U sin θ − gT = 0 , ∴ T =
U sin θ

g
. At that time . . .

ymax = UT sin θ − 1
2

gT 2 = U sin θ · U sin θ

g
− 1

2
g · U2 sin2 θ

g2
, H =

U2 sin2 θ

2g

Resistant Medium: ẍ = −kẋ , ÿ = −g − kẏ

Let U be the initial speed, then Ux = U cos θ and Uy = U sin θ.

Vertical: Based on formulae from Motion of Resistance Proportional to Speed:

y = − g

k
t +
(

g + kU sin θ

k2

)(
1− e−kt

)
. . . (1)

ẏ = − g

k
+

g + kU sin θ

k
· e−kt . . . (2)

Horizontal: Take the above formulae and substitute g = 0.

x =
(

kUx

k2

)(
1− e−kt

)
=

U cos θ

k
(1− e−kt) . . . (3)

ẋ =
kUx

k
· e−kt = U cos θ · e−kt . . . (4)
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Cartesian:

From (3): 1− e−kt =
kx

U cos θ
. . . (5)

e−kt = 1− kx

U cos θ
, −kt = ln

(
1− kx

U cos θ

)
t = − 1

k
ln
(

1− kx

U cos θ

)
. . . (6)

Sub (5),(6) into (1): y = − g

k
t +
(

g + kU sin θ

k2

)(
1− e−kt

)
=

g

k
· 1

k
ln
(

1− kx

U cos θ

)
+
(

g + kU sin θ

k2

)
· kx

U cos θ

y =
g

k2
ln
(

1− kx

U cos θ

)
+
( g

kU cos θ
+ tan θ

)
x

Eventually:

From (3): lim
t→∞

x = lim
t→∞

[
U cos θ

k
(1− e−kt)

]
=

U cos θ

k

From (1): lim
t→∞

y = lim
t→∞

[
− g

k
t +
(

g + kU sin θ

k2

)(
1− e−kt

)]
= −∞

From (2): lim
t→∞

ẏ = lim
t→∞

[
− g

k
+

g + kU sin θ

k
· e−kt

]
= − g

k

The object eventually falls at a terminal speed of
g

k

vertically along xT =
U cos θ

k
, so 0 < x < xT at all time.

Drag or No Drag: Compare drag formula yd with the no-drag formula ynd = tan θ · x− gx2

2U2 cos2 θ

yd − ynd =
[

g

k2
ln
(

1− kx

U cos θ

)
+

gx

kU cos θ
+ tan θ · x

]
−
[
tan θ · x− gx2

2U2 cos2 θ

]
=

g

k2

[
ln
(

1− kx

U cos θ

)
+

kx

U cos θ
+

k2x2

2U2 cos2 θ

]
=

g

k2

[
ln
(

1− x

xT

)
+

x

xT
+

1
2

(
x

xT

)2
]

< 0

=
g

k2

[
ln (1− λ) + λ +

λ2

2

]
< 0 where λ =

x

xT
, and 0 < λ < 1 .

Given
g

k2
> 0 , let us consider f(λ) = ln (1− λ) + λ +

λ2

2
.

f(0) = 0 and f ′(λ) =
−1

1− λ
+ 1 + λ =

−λ2

1− λ
< 0 .

∴ f(λ) < 0 for λ ∈ (0, 1) . So yd − ynd =
g

k2
f(λ) < 0 .

∴ yd < ynd for 0 < x < xT (domain of yd)
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Minute Resistance: When the resistance is small (k → 0), the above should reduce to the “non-drag” case.

Cartesian: Given ln(1 + n) =
∞∑

r=1

(−1)r+1 nr

r
, ln

(
1− kx

U cos θ

)
=

∞∑
r=1

(−1)r+1 (− kx
U cos θ )r

r
= −

∞∑
r=1

1
r

(
kx

U cos θ

)r

y = lim
k→0

[
g

k2
ln
(

1− kx

U cos θ

)
+
( g

kU cos θ
+ tan θ

)
x

]
= lim

k→0

[
− g

k2

∞∑
r=1

1
r

(
kx

U cos θ

)r

+
gx

kU cos θ
+ tan θ · x

]

= lim
k→0

[
− g

k2

(
kx

U cos θ
+

1
2

(
kx

U cos θ

)2

+
∞∑

r=3

1
r

(
kx

U cos θ

)r
)

+
gx

kU cos θ
+ tan θ · x

]

= lim
k→0

[
− gx

kU cos θ
− g

2k2

(
kx

U cos θ

)2

− g

k2

∞∑
r=3

1
r

(
kx

U cos θ

)r

+
gx

kU cos θ
+ tan θ · x

]

= lim
k→0

[
− g

2

( x

U cos θ

)2

− g
∞∑

r=3

1
k2r

(
kx

U cos θ

)r

+ tan θ · x

]

= − lim
k→0

[
g

2

( x

U cos θ

)2
]
− lim

k→0

[
g
∞∑

r=3

1
k2r

(
kx

U cos θ

)r
]

+ lim
k→0

(tan θ · x)

∴ y = tan θ · x− gx2

2U2 cos2 θ
same as the non-drag equation

ẍ : ẍ = lim
k→0

(−kẋ) = 0 = ẍnd

ẋ : From (4): ẋ = lim
k→0

(U cos θ · e−kt) = U cos θ · e0 = U cos θ = ẋnd

x : Given en =
∞∑

r=0

nr

r!
, lim

k→0

1− e−kt

k
= lim

k→0

1
k

(
1−

∞∑
r=0

(−kt)r

r!

)
= lim

k→0

1
k

[
1−

(
1− kt +

∞∑
r=2

(−kt)r

r!

)]

= lim
k→0

(
t− 1

k

∞∑
r=2

(−kt)r

r!

)
= lim

k→0
t− lim

k→0

∞∑
r=2

(−kt)r

kr!
= t− 0 = t .

From (3): x = lim
k→0

U cos θ

k
(1− e−kt) = U cos θ · lim

k→0

(
1− e−kt

k

)
= Ut cos θ = xnd

ÿ : ÿ = lim
k→0

(−g − kẏ) = −g = ÿnd

ẏ : From (2): ẏ = lim
k→0

(
− g

k
+

g + kU sin θ

k
· e−kt

)
= lim

k→0

(
− g

k
+

g

k
· e−kt + U sin θ · e−kt

)
= −g lim

k→0

(
1− e−kt

k

)
+ lim

k→0

(
U sin θ · e−kt

)
= U sin θ − gt = ẏnd

y : First, let us find lim
k→0

1− e−kt − kt

k2
= lim

k→0

1
k2

(
1−

∞∑
r=0

(−kt)r

r!
− kt

)

= lim
k→0

1
k2

[
1−

(
1− kt +

k2t2

2!
+

∞∑
r=3

(−kt)r

r!

)
− kt

]

= lim
k→0

(
− t2

2
+

∞∑
r=3

(−kt)r

k2r!

)
= − t2

2
+ lim

k→0

∞∑
r=3

(−kt)r

k2r!
= − t2

2

From (1): y = lim
k→0

[
− g

k
t +
(

g + kU sin θ

k2

)(
1− e−kt

)]
= lim

k→0

[
− g

k
t +
( g

k
+ U sin θ

)(1− e−kt

k

)]
= lim

k→0

[
U sin θ

(
1− e−kt

k

)
+

g

k

(
1− e−kt

k
− t

)]
= U sin θ · lim

k→0

(
1− e−kt

k

)
+ g lim

k→0

(
1− e−kt − kt

k2

)
= Ut sin θ − 1

2
gt2 = ynd
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